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2Last year: « Introduction à la matrice de Wigner-Smith 
généralisée pour la modulation de front d'onde »

Letôsdig deeper into the topic!
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Wavefrontshapingtechniques
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Cao, Mosk, Rotter. Nature Physics 18.9 (2022): 994-1007

Optimization of a waveôsincident degree of freedom (typically phase and/or amplitude) to 

maximize a chosen objective after propagation (and scattering!)

Speckle

Focused beam

Iterative approaches

One-shot approaches
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Plane waves example

In general

Scatteringmatrix: linearityassumption
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Scatteringmatrix: linearityassumption

Cao, Mosk, Rotter. Nature Physics 18.9 (2022): 994-1007



Radiation force 
optimization
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Acousticalor Optical tweezers
ĄMomentum transfer
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Argonne National Laboratory Elliot Scientific



Radiation force densities: quadraticquantities
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Electromagnetism Acoustics

ÁUnder a certain set of approximations, 
from Lorentz force:

ÁAn analogue formula accounting for 
momentum transfer in nonlinear acoustics

Anghinoni, Bruno, Mikko Partanen, and Nelson GC Astrath. The 

European Physical Journal Plus 138.11 (2023): 1034. Karlsen, Jonas T., Per Augustsson, and Henrik Bruus. Physical 

Review Letters 117.11 (2016): 114504

The cool stuff is that both equations have the same structure (in lossless media)

(Of course, the devil is in the details: obtaining the above equations is really non trivial)
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Precision therapy

Navigate microrobots through complex

pathways within deep tissues or organs

Whymaximizingmomentumtransfer?
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Maximizingelectromagnetictorque on 1 object
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Horodynski, Michael, et al. Nature Photonics 14.3 (2020): 149-153.



Maximizingacousticforce on 1 object
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Orazbayev, et al. Nature Physics 20.9 (2024): 1441-1447



Maximizingacousticforce/torque on 1 object
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Orazbayev, et al. Nature Physics 20.9 (2024): 1441-1447
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Measure S(xi, yi, ti)

(microphones)

Find optimal mode 

mixture to push the 

ball at position i+1

(computer)

Send this wavefront

and let the ball move 

close enough to next

point

(speakers)

Measure xi, yi

(camera)

Orazbayev, et al. Nature Physics 20.9 (2024): 1441-1447

2D multimode waveguideThe experiment
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Fromthe fieldõsperspective



Fromradiation forces to the GWS matrix
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Ἳ components: ὦ ὖὩ ĄἻ‏Ἳ В ὖ‏ ὮВ ὖ‏•

We can show that*:

ὡ‏
ρ

‫
)ÍἻ‏Ἳ

Using the lossless assumption, we also find that:

ὖ‏• Ὦ ὦᶻ‏ὦ ὮἻ‏Ἳ Ἳ Ὦἡ‏ἡἻ

Thus ᴆἐȢ‏Ἲ ὡ‏ Ἳ Ὦἡ‏ἡἻȟor

ᴆἐȢ‏Ἲ ἻἝ
Ἲ
Ἳ ḳ ἝἺἻ

Ἕ
Ἲ
Ὦἡ ɿἺȢ

Ἲ
ἡ

Ἲ‏

1) Upon a virtual displacement Ἲȟ‏ the

radiation force provides the work:

ὡ‏ ᴆἐȢ‏Ἲ

2) If we have no loss, this work can be interpreted

from the ports. Under fixed harmonic excitation Ἳ,

it manifests as a scattering change inἻ ἡἻ

*a complete proof can be found here:

Nerson, Tristan, et al. Physical Review Research 8.2 (2026): 023254



Quadraticprograms
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Quadraticprograms
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We have a quadratic program: 

This is the typical Rayleigh-quotient problem, which admits the solution:

So we reduced a very complicated problem to a simple eigenvalue problemJ

Input power normalization

We can show itôsHermitian



(Small proof withLagrange multipliers)
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Wirtinger differentiation: and treated as independent variables

Brandwood, David H. "A complex gradient operator and its application in adaptive array theory." IEE Proceedings F (Communications, Radar and Signal 

Processing). Vol. 130. No. 1. IEE, 1983.

(17c)

Stationary conditions: (Th3) and



History and examples
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Are quadratic programs only used for radiation 

forces in wave physics?

Of course not! 



Spatial Slepian functions
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Theoretical concept: the most localized fields allowed by a spatial bandwidth limit

Simons, Dahlen, Wieczorek SIAM review 48.3 (2006): 504-536

Min. wavelength ~ 2200 km

g: vector of spherical-harmonic

coefficients that generates a spatial 

functionĄ limited in the number of 

coefficents (361)

D: spatial overlap matrix between pairs of 

band-limited spherical harmonics inside

AustraliaĄ constructive interference

Slepian and Pollak. Bell System Technical Journal 40.1 (1961): 43-63

Original Slepian problem: among signals 

strictly band-limited in frequency, maximize 

the fraction of energy contained within a 

finite time interval



Green function and quadratic forms
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Piestun and Miller. JOSA A 17.5 (2000): 892-902

i Ą source index

Integrated received field intensity

Can we maximize intensity in a zone from sources in another?



Green function and quadratic forms
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Can we maximize intensity in a zone from sources in another?

Miller, David AB. Advances in Optics and Photonics 11.3 (2019): 679-825



An important exampleof 
eigenvalueproblemin 
wavephysics
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The French touch
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Time reversal mirrors (or phase conjugation mirrors) 

Thomas Fromentèze ïFDTD simulation Fink, et al. Proceedings., IEEE Ultrasonics Symposium,. IEEE, 1989
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ç D®composition de lôop®rateur de retournement temporel è (DORT)

Prada and Fink. Wave motion 20.2 (1994): 151-163

A
1

N

B
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ç D®composition de lôop®rateur de retournement temporel è (DORT)

Pulse-echo matrix: 

Time reversed:

If reciprocal:

Prada and Fink. Wave motion 20.2 (1994): 151-163

Again:

So:

A
1

N

With Born approximation:

For well-separated

ponctual targets

Prop. in B after TR from A:
B

Eigenvectors
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ç D®composition de lôop®rateur de retournement temporel è (DORT)

Prada and Fink. Wave motion 20.2 (1994): 151-163
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òOptical Eigenmodesó
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Mazilu, Baumgartl, Kosmeier, Dholakia (2011). Optics express, 19(2), 933-945

Theoretical concept: coherent optical field whose controllable input coefficients form an 

eigenvector of an operator representing a chosen optical observable or interaction.

Energy, intensity, spot size, momentum,é But also more complex operations!



An olderacousticcontrastexample
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Choi and Yang-Hann Kim. JASA 111.4 (2002): 1695-1700 Chang, et al. JASA 125.4 (2009): 2091-2097



Examples of experiments: modern wavefront shaping
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The major difference is that now, we use the scattering matrix formalism to fully account for 

multiple scattering in highly inhomogeneous/turbid media

Ą The theory of quadratic problems has not changed

Ą The experiments are way more advanced



Examples of experiments: modern wavefront shaping
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Carpenter, Eggleton, Schröder. Nature Photonics 9.11 

(2015): 751-757 

BȊtaitǟ, et alScience Advances 10.27 (2024): eadi7792

Kim, et al. Nature photonics 6.9 (2012): 581-585.

Bender, et al. Nature Physics 18.3 (2022): 309-315

Bouchet, et al. Physical Review Letters 127.25 (2021): 253902



Multi-objective 
optimization
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ÁMulti-objective optimization:

ÁñA solution is called [é] Pareto optimal if none of the objective functions can be 
improved in value without degrading some of the other objective values.ò 
(Wikipedia)

Pareto optimization
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Pareto optimization
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More complexoptimization: how hard can it be?
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1) An objective and constraints ñI want to maximize the radiation forces on two objects in 

two desired directions.ò

2) Wave degrees of freedom ñI can control the amplitude and phase of N incident 

waves.ò

3) An optimization scheme ñI donôt know... Letôs try first with random wavefronts?ò

Nerson, Tristan, et al. Physical Review Research 8.2 (2026): 023254



Letõstrywithrandomwavefronts
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Letõstrywithrandomwavefronts
L
e
s
 G

u
s
ti
n
s

T
ri
s
ta

n
 N

e
rs

o
n
 

40



Letõstrywithrandomwavefronts
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Letõstrywithrandomwavefronts
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Letõstrywithrandomwavefronts
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And nowoptimizedwavefronts!
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And nowoptimizedwavefronts!
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And nowoptimizedwavefronts!
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Pareto optimization
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How do we find the optima ?

Because Monte-Carlo does not work!


