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Last year: « Introduction a la matrice de Wigner-Smith
généralisée pour la modulation de frontd'onde »
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Let’s dig deeper into the topic!
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Wavefront shaping techniques

Optimization of a wave’s incident degree of freedom (typically phase and/or amplitude) to
maximize a chosen objective after propagation (and scattering!)

Tristan Nerson

Iterative approaches

Focused beam
One-shot approaches

Vs
Cao, Mosk, Rotter. Nature Physics 18.9 (2022): 994-1007



fwee, Scattering matrix: linearity assumption

Plane waves example
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In general
s_ = Ss;
Iy, trR-L
S _ [mLXmL] [mLXmR]
[(mp+mpg)x(mp+mg)] tLoR I'r

[mrxmpp] [mprXmpg]
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fwee, Scattering matrix: linearity assumption

Multiport cavity with monomode waveguides

Multimode waveguide
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Cao, Mosk, Rotter. Nature Physics 18.9 (2022): 994-1007
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Radiation force
optimization
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Acoustical or Optical tweezers
— Momentum transfer

Argonne National Laboratory Elliot Scientific
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iweo, Radiationforce densities: guadraticquantities

Electromagnetism Acoustics

= Under a certain set of approximations, = An analogue formula accounting for
from Lorentz force: momentum transfer in nonlinear acoustics

1 2 2
7 (|p1 "Vko + [v1["Vpo
Karlsen, Jonas T., Per Augustsson, and Henrik Bruus. Physical
Review Letters 117.11 (2016): 114504

_ 1
fom = — 7 (IEP*Ve + [H*Vy) | f,. =

Anghinoni, Bruno, Mikko Partanen, and Nelson GC Astrath. The
European Physical Journal Plus 138.11 (2023): 1034.

The cool stuff is that both equations have the same structure (in lossless media)

(Of course, the devil is in the details: obtaining the above equations is really non trivial)

B Les Gustins
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E&%@ Why maximizing momentum transfer?

B Les Gustins

Precision therapy

Navigate microrobots through complex
pathways within deep tissues or organs

Manipulation microbubbles in mouse brain vasculature

L
o
Fluorescent ‘
microrobots
\

Two-photon microscopy

Cranial
window

Microrobots

Fonseca and Ahmed. Advanced Drug Delivery Reviews 205 (2024): 115164

Ultrasound
transducers
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Maximizing electromagnetic torque on 1 object

Horodynski, Michael, et al. Nature Photonics 14.3 (2020): 149-153.
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Maximizing acoustic force on 1 object

@ W A

Orazbayev, et al. Nature Physics 20.9 (2024): 1441-1447
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E,FJ;.& Maximizing acoustic force/torque on 1 object

Tristan Nerson

Spinning 07-Nov-2021 17:23:54

Angular velocity.

Rotating -0.32degls

clockwise

@ ruming

Orazbayev, et al. Nature Physics 20.9 (2024): 1441-1447

B Les Gustins
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fweg., THhe experilllent

2D multimode waveguide
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Orazbayev, et al. Nature Physics 20.9 (2024): 1441-1447

Measure X, V;
(camera)

Measure S(x;, Vi t;)
(microphones)

Find optimal mode

mixture to push the
ball at position i+1
(computer)

Send this wavefront
and let the ball move
close enough to next
point
(speakers)
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From the field’s perspective

LU
P

S-matrix, frame 0000

= Objectives
—p Realized net force
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iweo, From radiation forces to the GWS matrix

Tristan Nerson

2) If we have no loss, this work can be interpreted
from the ports. Under fixed harmonic excitation s,
it manifests as a scattering change in s_ = Ss_

1) Upon a virtual displacement 5r, the
radiation force provides the work:

SW = F.or

s_ components: b, = \/B,e/%n > st8s_ = %Zn 6By + j X Pabn
We can show that*:

H

1
SW = —Zlm[siSS_]
Using the lossless assumption, we also find that:

ZPn&pn - —jz b;8by, = —jstos_ = —si(jSt6S)s,

n n
3 - —> 1 .
Thus F.or = 6W = —s1(js6S)s,, or
\/
‘ —_—

- _ 1 -I- _ 1

Qz, = jST(6r.V;)S

B Les Gustins H

*a complete proof can be found here:
Nerson, Tristan, et al. Physical Review Research 8.2 (2026): 023254
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Quadratic programs

We have a quadratic program: max (Qa> <«<—— We can show it's Hermitian
St cCN
s.t. S:_S.'. — ] <«—— Input power normalization

This is the typical Rayleigh-quotient problem, which admits the solution:

max (Q,) = An(Q,)

Sj_pt — VN(Qa)

So we reduced a very complicated problem to a simple eigenvalue problem ©

[y
©

Tristan Nerson



fweo, (Small proof with Lagrange multipliers)

Q. = Q!

L(si,\) = SLQaer — /\(sis+ —1), AeR

* : :
Wirtinger differentiation:  S4 and S__ treated as independent variables

Brandwood, David H. "A complex gradient operator and its application in adaptive array theory." IEE Proceedings F (Communications, Radar and Signal

Processing). Vol. 130. No. 1. IEE, 1983.

Stationary conditions: Ve L=0
_+_

+(S]-L|-Qas-|-) — Qas+ (17¢)
_vsi (Siri_)\]lS_F) = —A]].S_{_

VS* L= (Qa — A]I)S_F =0

—_—

S+ =V

B Les Gustins
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History and examples

Are quadratic programs only used for radiation
forces in wave physics?

Of course not!

N
>4

Tristan Nerson
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Spatial Slepian functions

Theoretical concept: the most localized fields allowed by a spatial bandwidth limit

Min. wavelength ~ 2200 km

-

“»

e

) A= 0.962

A= 0.921

A= 0.787

“

A= 0642

=

2

2

A= 0332

>

A= 0.226

A= 0.187

A= 0124

100° 120° 140° 160°

A= 0.071 :
0°

10 120° 140°  160°

A= 0.049
0 120

100° 140° 160

Simons, Dahlen, Wieczorek SIAM review 48.3 (2006): 504-536

2
g dQ)
llwm fa _g'Dg

a Hg‘lé a / gde N g'g
Q

g: vector of spherical-harmonic
coefficients that generates a spatial
function = limited in the number of
coefficents (361)

D: spatial overlap matrix between pairs of
band-limited spherical harmonics inside
Australia - constructive interference

Original Slepian problem: among signals
strictly band-limited in frequency, maximize

the fraction of energy contained within a
finite time interval

Slepian and Pollak. Bell System Technical Journal 40.1 (1961): 43-63

Tristan Nerson
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Green function and quadratic forms

Can we maximize intensity in a zone from sources in another?

\
! \

Piestun and Miller. JOSA A 17.5 (2000): 892-902

Integrated received field intensity ||GJ| |%/R — c'Mc
317, =1

Mij = LR Ef(r) 'Ej(I') dr

E; = GJ,

i = source index

J = ZCij

J
GJ = Z CjEj
J

N
[

Tristan Nerson



fweo, Greenfunction and quadratic forms

Can we maximize intensity in a zone from sources in another?

(b) (c)
9
w12
2
array of €
receiver 28
points . 16, s
R4
o
o
=0
1 10 20

Mode number j

Mode 1  12.09% Mode 2 11.66% Mode 3  11.66% Mode 4  11.24%

Mode 5 8.29% Mode 6 8.28% Mode 7 7.96% Mode 8 7.96%

Mode9 5.61% Mode 10 2.51% Mode 11 2.51% Mode 12 2.41%

B Les Gustins

Miller, David AB. Advances in Optics and Photonics 11.3 (2019): 679-825

N
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wave physics
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Time reversal mirrors (or phase conjugation mirrors)

The French touch

Emission

|
100

200 300 400 500 60D 700 800
Recorded impulse responses - Time

900
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Array of
transducers
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Target
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Reception
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B Les Gustins

Thomas Fromentéze — FDTD simulation

&

i

Fink, et al. Proceedings., IEEE Ultrasonics Symposium,. IEEE, 1989

Tristan Nerson
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The French touch

« Décomposition de I'opérateur de retournement temporel » (DORT)

LINEAR A
\ ARRAY 4 B
4

Copper 0 1mm
02mm

Prada and Fink. Wave motion 20.2 (1994): 151-163

— .
— i~ P
—* [ A A
S \ > ——— N\ :
— #.._.] N/ — A | A\
— W —— \
i ——f \ — N
- N\ / t_____," N
——H—{\ v B I B
W L // ——{]
] y — ]
—_—] / — ] /,/
"y = R !
Steal =
Nylon O.4mm
Copper 0.2mm

N
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E&%@b The French touch

« Décomposition de I'opérateur de retournement temporel » (DORT)

LINEAR A hai
\ ARRAY 4 B ; h, = : Prop. in B after TR from A: thB = ZG(rB,xm)G*(rA,xm)

m

Tristan Nerson

han ~ (0  For well-separated

ponctual targets
hAm = G(I‘A, Xm)

_ _ T
With Born approximation: qa = capa = cahye

T T
L pa = hTe rgo=cahsh,e rp=cghghye
coper apmmm A

i r=ryq+rp= (CAhAhg =+ CBhBhg)e
\

. _ J
Pulse-echo matrix:. To = Keg IY<

. *
Time reversed: €1 = I'S =K 93 — r; = Ke;

*® Ty, % T % 2
Again: ey = r’{ = :[{_*e’i= = K*Keo Khy = ciha h by + cghphghy ~ ca||ha|["ha

K'Khy ~ |cal?|[hal[*h}

freciprocal K = K — K* = K/ ; o Ay %
K'Khj, ~ [ ||| b,

So: €r = KTKGO

Eigenvectors

B Les Gustins

Prada and Fink. Wave motion 20.2 (1994): 151-163



E@%@ The French touch

« Décomposition de I'opérateur de retournement temporel » (DORT)

n:'---r-r-t"-.—-".---'; ----- Dty - = = = = = a--
N LI ] 'u l. l. ' ll" s
T * @ .
L ) .'.."\ _.d'"." -°.

r J_.__u__.__..'-_..__._' ........ I L L

Phase of eigervector 4
R e L i AR h bRk
. o ! .I . .. .| " ..l‘ ..l't. -.l..
. L]
"] [ [ . a L .'.'h o
el o B e * & ﬂ' . ‘l. Senecppotr®”
Phase of eigenvector 3
T
[} . . .I -."- '..- > .‘
.. . u' . " '\.. o . ' .I .
. 'u .n 5 "n. ..|' 'ul .'
L] [] L} 0 [}
T T N, R
Phase of eigenvector 2
E"‘l'.‘“"-'.'"'""""":n"'“";'";""."-"‘a
. .l .ﬂ. .. L] . . a2
0 's " . o L] ',
.l “ .l"h ..l"..' |" .'. .ﬂ l. '
[, ..J et SV et

B Les Gustins

—18mm Pressure field of esigenvector 4 18men

—18mm Pressure fieki of eigenvector El 18mm
—18mm Prassure field of eigenvector 2 18mm
—18mm Pressure field of eigenvector 1 18rmen

Prada and Fink. Wave motion 20.2 (1994): 151-163
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“Optical Eigenmodes”

Theoretical concept: coherent optical field whose controllable input coefficients form an
eigenvector of an operator representing a chosen optical observable or interaction.

y/iwy

r - - r
-2 -1 0 1 2

X/wy

Mazilu, Baumgartl, Kosmeier, Dholakia (2011). Optics express, 19(2), 933-945

Energy, intensity, spot size, momentum,... But also more complex operations!

w
=4

Tristan Nerson
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Acoustic P.E (1stkind){SPL) 75 Acoustic P.E {2nd kind){SPL)

85 0 05
x (m) x (m)

Choi and Yang-Hann Kim. JASA 111.4 (2002): 1695-1700

75

70

y(m)

04

0.2

x(m)

Equal input Contrast control

An older acoustic contrast example

Tessrnnnn

x(m)

Chang, et al. JASA 125.4 (2009): 2091-2097

dB

[
N

Tristan Nerson
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Examples of experiments: modem wavefront shaping

The major difference is that now, we use the scattering matrix formalism to fully account for
multiple scattering in highly inhomogeneous/turbid media

- The theory of quadratic problems has not changed
- The experiments are way more advanced

[
w

Tristan Nerson
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3 * Wavefront shaping
. = Corrected eigenvalues
~ 25 = —— Mean transmittance
L 7 e
< —— Point optimization
8 2™
5 Tlww
= -
E 15 o,
2 e,
i
= 14
05 .
0 ; . : :
0 200 400 600 800

Eigenchannel index

Kim, et al. Nature photonics 6.9 (2012): 581-585.

Eigenstate #1 Direct image

(f) 1

Shaped
input

Bouchet, et al. Physical Review Letters 127.25 (2021): 253902

Deposmon matrix

Arbitrary
input state

Principal
input mode

L

Examples of experiments: modem wavefront shaping

Pulse arrives temporally
scattered after propagation

Lok it bt o i

Pulse arrives temporally
unscattered after propagation

Carpenter, Eggleton, Schréder. Nature Photonics 9.11

(2015):

Disordered waveguid

751-757

CCD image of intensity distribution

W o 4

©

Bender, et al. Nature Physics 18.3 (2022): 309-315

C Particle motion in a conventional (left) and an optimized (right) trap

- . 55 /

-500

-500

200

0
-200 ~200 -200 ~-200
y, nm X, nm Yy, nm X, nm

Bataité, et al Science Advances 10.27 (2024): eadi7792

[
-

Tristan Nerson
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Pareto optimization

= Multi-objective optimization: Héli_l(fl (3’3), f2 (CB), c ooy fk (.’L‘))
T

= “A solution is called [...] Pareto optimal if none of the objective functions can be
improved in value without degrading some of the other objective values.”
(Wikipedia)

w
-

Tristan Nerson
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Pareto optimization

T Have a dirty messy bed full of my stuff This point cannot be
R reached becanse i+ would
reduire too much energy
Clean a bit both my
bed and the floor
Put all wmy stuff
WMessy bed, messy floor on the fleor
P
>

My objective

Sleep on my clean bed in a messy roowm

w
=

Tristan Nerson



iws;;, More complex optlmlzatlon' how hard can it be?

= SS+
| I
) Push p -
y 6 ® !
L V7 Constrain
x I I
1) An objective and constraints “l want to maximize the radiation forces on two objects in
two desired directions.”
2) Wave degrees of freedom “l can control the amplitude and phase of N incident
waves.”
% 3) An optimization scheme “l don’t know... Let’s try first with random wavefronts ?”

Nerson, Tristan, et al. Physical Review Research 8.2 (2026): 023254

w
€3

Tristan Nerson



=PrL

Wed

15
S

Z 10

< 5

:b:o

=,

kS

B -5

'G)

=

—

8 _10

(D]

5

= —15
—20

B Les Gustins

Let’s try with random wavefronts

Random input 1

Objective / Realized

@® Current input

—10 0 10 20

Force projection left obj. (a.u.) [llFlech = 2.85 (a.u.)

”Frighc” =173 (a.u.)]

w
©

Tristan Nerson
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Force projection right obj. (a.u.)

Let’s try with random wavefronts

Random input 1 Objective / Realized
15F
=== '
10 F [(EEEE
EEEEs -
5 -
[T
of 2 s »
(EEEE]
—5F EEs T
FEswE|
—10r
Exsad
~15F |
@ Current input
90— ' ' i
~10 0 10 20
Force projection left obj. (a.u.) (P | = 285 () [Frigae| = 173 (a-u,) |

B Les Gustins

'S
o
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15

5

s 10

< 5

i

fo

.E O

o=

o

B -5

.G.)

=

—

& _10

(]

5

= —15
—20

Let’s try with random wavefronts

Random input 99

Previous inputs

Current input
i i H

Objective / Realized

)

—=10 0 10 20
Force projection left obj. (a.u.)

(IFuee | = 3.24 (a.0)

[|Foigne || = 1.44 (au)}

'S
-

Tristan Nerson



iweo, Let's trywith random wavefronts

Random input 100 Objective / Realized
15F -
- Ezss3y
Z.
;Q: el [N EN
= EsssY
=
E O - '. ?’?I;" I: - .
g - T . >
£ . :
5 -

8 ) EEETN
o
o Essv g
Q10
< —
S) SRR

_ 15
15 Previous inputs \

@® Current input
-2 E i 1 1 :
—10 0 10 20
Force projection left obj. (a.u.) [”Fle&” =82 (au) [[Frgul =719 (a‘“')}

B Les Gustins
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Let’s try with random wavefronts

Random input 1000

Objective / Realized

—

B (Zxss
TS
B [EEEE
Previous inputs | -
| .
@ Current input o albs
10 0 10 20
Force projection left obj. (a.u.) [”FleftH =132 (auw)  [[Fugul =06.39 (a-u-)]

]

Tristan Nerson



fweo, And now optimized wavefronts!

Pareto extreme 1 Objective / Realized

15F -

i —

5. 10 L.

B sl

T st EEEaY
Esss]

=

& of ]

.5 faaw e

+ »

g = s

o

8 [EES R

o —10F

S ==—1¢

55 |

P~ —15T o ==

Previous inputs P
‘ Pareto extreme
—20E i 1 1 :
—10 0 10 20
Force projection left obj. (a.u.) [||F1eft|| =48.14 (a.u.)  [[Fugnell =28.45 (a-U-)]

B Les Gustins
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15
=
S 10
SN
= &
o O
i
@
.E O
=
e
B -5
)
V=
o
—
210
[}
O
S
E —15
—20

Pareto extreme 2

Previous inputs
‘ Pareto extreme

H

And now optimized wavefronts!

Objective / Realized

. SIOR

—10 0 lb 20
Force projection left obj. (a.u.)

[”Fleftll = 20.64 (a.u.)

| Feigne|| = 29.78 (a.u.)]

~
[}

Tristan Nerson
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15
=
S 10
SN
= &
o O
i
@
=
e
B -5
)
V=
o
—
210
[}
O
S
E —15
—20

Equal force projection point

Previous inputs

#8 Equal force projection point

And now optimized wavefronts!

Objective / Realized

» -

- -
-

-

S
.

~10 0 10

Force projection left ohj.

20

(a.u.)

[”Fleftll = 26.38 (a.u.)

| Fsigne|| = 20.90 (a.u.)]

'S
-3

Tristan Nerson
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| [ | |
Pareto optimization
a) /\— Pareto front b) Bi-objective optimization

15{ mm= - = srms M2
o 10° 10% 10* — — —/
:E 10 - Bin counts T - t’:
< — y 553
(@\ 5% =il B J_
. - O S
= 0 - NN ¢ 111
Q | -
) . - ES
S 9] — o=
e, ] -
D ~10 1 = .
5 =s} 53
[ —19 1 ESE —

[ T TR -
- ’(Pa2) [
Force projection 1 (a.u.) [pa[(Pa?) 0 6

How do we find the optima ?
Because Monte-Carlo does not work!

»
=

Tristan Nerson
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From one object to multiple objects

We can write to total virtual work of the radiation force on many objects as:

1 1
—<Q5r > — E ‘5I'Z| F er , (Srtot = (51‘1, ,5I'Nd)
tot |(5rt0t| \_Y_)\—Y_/
1—=1

o : - Objectives
Maximizing this maximizes Optimization ) K
the Ssum Of the prOJeCUOnS WelghtS | « Optimal Pareto front
| |I Objective space
In optimization theory, this is what we call a linear scalarization. OB[ _\
2 | . *I:;:::::.:
0.4 |I ';._:::;-.:::::.
| . . ._.:;.‘-:::::...
L/ 0_2:... i ..\'j‘*':;.:__\_::\
For example min F'(x) = wq f1(X) + wa fa(x) ol\\_\\~\%
0 0.2 0.4 0.6 0.8

Guillaume Jacquenot, NonConvex,
Wikimedia Commons, CC BY-SA 3.0

Linear scalarization only sees the convex hull of the feasible objective set!

'S
@

Tristan Nerson
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From one object to multiple objects

Our feasible objective set is the joint numerical range of Hermitian matrices...
The joint numerical range of a k-tuple of n X n Hermitian matrices A = (44, ..., Ay) is defined by:

W(Ay, ..., Ax) = {(xTA1x, ..., xTApx): x € CV, xTx = 1}

Is this convex?

* The joint numerical range of two Hermitian matrices is always convex (Toeplitz-Hausdorff
theorem) > Hausdorff, Felix. Mathematische Zeitschrift 3.1 (1919): 314-316

= The joint numerical range of three Hermitian matrices is convex for matrices of size strictly

larger than 2 (Au-Yeung-Poon theorem) > Au-Yeung, Yik Hoi, and Yiu Tung Poon. Southeast Asian Bull.
Math 3.2 (1979): 85-92.

= So for strictly more than 3 objectives, we may only retrieve a part of the Pareto front

Side note: objectives vs objects > 3=1+1+1=1+2

'S
©

Tristan Nerson
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fweo, Some examples of tri-objective optimization
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Some examples of tri-objective optimization

To sum up, using the GWS
matrix is very interesting
because it permits to solve
a complex multi-objective
wave optimization problem
by simply writing it as an
eigenvalue problem

LI

Rl

. = Objectives
- Realized net force

H I

(zgd)z | 1d|

(L]
=y

Tristan Nerson



fweo, Simultaneous optimization

= We would like to simultaneously maximize the force projections on say 2
objects > Hermitian matrices Q, and Qg

= We define the deficits from utopia values (highest eigenvalues of these
matrices) as

€ — )\N(Qa) — <Qa>3 € = )\N(Qﬁ) o <QB>

= Using Schrodinger-Robertson uncertainty relation + Bhatia-Davis
inequality:

€ €3 > imQaaQB])‘z+Cov(QwQB)2
atp = ((Q >_ )\1(Q ))(<Q5> — Al(QB))

Cov(Q,,Qg) = {Q(y Q.), Qs — (Qs) })

B Les Gustins
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Simultaneous optimization

L{[Qa Qa)|” + Cov(Q,, Qp)?
(Qu) — M(Q.))(Qs) — M(Qp))

= RHS can only vanish when the expectation value of the commutator vanish and
the two GWS matrices are uncorrelated in the chosen input state

€q€g =

* Ideally, we would like to have €, = € = 0

= Only doable when the two matrices share the same eigenstate associated with
their respective maximal eigenvalues

- Simultaneous optimization is very non-generic

[L]
w

Tristan Nerson
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When do objectives commute? What happens?

= For example:
by symmetry!

fo%o
“0°0 o

= OQOO

<Q5r2>

—101

_2D~

—30 1

OOO

G
q)_ O 8 O
To 0O O
Or1 Q O
O O O

—

Mirror symmetry

m Pareto front

(Q5r1)

‘k\

Broken symmetry

s Pareto front

[*J
=

Tristan Nerson
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More complicated: constrained optimization

= Now, say that we want to maximize a force/torque projection while ensuring that

N, force projections are 0.

= This is a complex-valued homogeneous Quadratically Constrained Quadratic
Program (QCQP):

Jnax, Qo)
st. (Qg,)>ib;, 1=1,..., N,
SE_S_|_ =1
where “>” can signify “=", “<” or “>”

. @ ¢ ® Solving QCQP is generally an NP-hard problem for N, > 2,

. while we already need 3 constrains in 2D to prescribe the
.\. motion of 1 object!
®

Tristan Nerson
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Constrained optimization

= There are NP-hard solvers, but
they take forever to give a global
optimum. Local optimum is still
easily achievable!

= Example: Gurobi solver

» Max force projection on 1 object, no
translation of another object

- Good enough solution in a
fraction of second in my local
machine

4 GUROBI
>\

OPTIMIZATION

ol L]

=+ Objectives
- Realized net force 3
-—» Realized local forces @ — ™ iii”

.

Tristan Nerson
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fweo, Constrained optimization &) GUROB

F, 7,

—_—t —

fJ
T fﬁf;(f”) L’lf)r R ﬁfgl:ar)[laf

@ x 107"

%10 " @ %1076

Traction components (a.u.)
Cumulative integral (a.u.)

B Les Gustins
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iwe., Back tothe random inputs: Numerical shadows

a
) : /\, : . — What are these distribution?

[ —
10° 10% 10
10 i Bin counts

o Ot

Force projection 2 (a.u.)

10 0 10 20
Force projection 1 (a.u.)

B Les Gustins
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Back to the random inputs: Numerical shadows

The probability density function of the expectation value of a Hermitian matrix is an M-spline (a

normalized B-spline with unit integral within the smallest and largest eigenvalues):

— (N —1 Zmax (0,0, — &N 2 L 075
- =) o

J7i 0.25 4

T 0.00

§=s.Q,s
0.3 1
Example: random Hermitian matrices .

E 0.2 1
0.1

0.0

Gallay and Serre. Commun. Pure App. Math. 65, 287 (2012)
Dunkl, et al., Linera Alebra Appl. 434, 2042 (2011)
Venuti and Zanardi, Phys. Lett. A 277, 1854 (2013)

N=2
1.0 4
B
~ 051
T T 0.0
—0. 0.0
13
N =4
0.4
= 0.3 1
£ 0.2
0.1 A
—A A 0.0
— -2 0
1
—— M-spline Monte Carlo

Tristan Nerson

i’\“v = 3
-0.5 0.0 1.0
4
;‘7\“7 = 5
/W A
—4 -2 0 4
£

A Eigenvalues



iwe., Back tothe random inputs: Numerical shadows

Where is the maximum (mode of the distribution)? = close to the Greville abscissa
Wang and Guo, Newton 2, 100478 (2026)

(-3
=4

Tristan Nerson

N=2 N=3
1 1
1.0 ! 1.25 4
+- I
1 1
0.8+ 1 1.00 1
-.:S' 1 _5 1
E 0.6 i ERRER !
o ] L 1
T 0.4 1 T 0.50 4 [
1 1
0.2+ i 0.25 [
1 1
N 0.0 y r ). y

1 — 1 —0.5 (].I(] 0.5 —(]I.S (].I(] (]I.G 1.0
gmode = arg maxp(&’) ~ T4 Z /\z o

£
5 l v — 2 - N=4
1=2 |
0.4 4
0.3 4 :
[} .
= 1 = 0.3 1
E 0.2 i B
=z 1 Z 0.2+
o : ]
0.1+ H 014
i
0.0 . — Ao A . 0.0 4= A
—4 -2 1 2 4 —4 4
£ £
—— M-spline Monte Carlo A Eigenvalues ——= Greville abscissa 3o
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Numerical shadows: transmission & reflection

random
wavefront

S &

smissivity distribution p_(t) for coherent
transport of random waves in an n-port system

transmission
eigenvalue A,

Wang and Guo, Newton 2, 100478 (2026)

Iy,
S | Imrxmyg]
[(mp+mp)x(mr+mr)] | tLoR
[mpxmy]

trL
[mp xmpg]
IR,
[mR XmR]

Transmision = transmittance matrix
Ptrans — <tTt>s

Reflection - reflectance matrix

Pieg = (rT r)

S+

Tristan Nerson
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Numerical shadows: focusing in coupled dipole theory

ot o ke b ke ko o o

+* + + + + + + + + +

e < © © =
N R [#] [ee] o
Normalized field magnitude

* + + + + + +F+ e E

max <C>E <«— Coupling matrix telling us
EcCN how efficiently an incident
field pattern couples to the

st. ETE=1 selected output

#counts

2000
1500
1000

500

0.001 0.002 0.003

Courtesy of T. Tuuva and R. Fleury. Paper in prep.

[-.3
w
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Rewriting the problem

with other degrees of
freedom




fweo, Voltage and current formalism

/ i:}fu \

i=v2(1—-8)s; Y =G+B u=v2(1+8)s,
Current Admittance matrix Voltage
P
Conductance
1 1 1
Paps = = Re[u'i] = SE_S_|_ —s's. = ZulGu==(G),
2 2 2
1 1 1
Prea = ~5 Im[u'i] = 21m[sLs_] = —iuTBu = —§(B)u

B Les Gustins

Zavatski, Nerson, Fleury and Martin. arXiv preprint arXiv:2605.31151 (2026)
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Voltage and current formalism

For lossless systems: STS =1

Y = jB

We can then show that: <Q6r>5+ = i(ér - VsrB)u

Finally: F.dir =

1

4w

(or - Ve B)y

We rewrote the problem in terms of a voltage quadratic form

- We do optimization on the voltage

-> We optimize at fixed u'u

-]
=

Tristan Nerson
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Waves versus quasistatic regimes

Are the controlled and measured DoF propagating channels?

Waves

Typically, kL ~1 o kL > 1

Propagation phase across the system is
important - motivation to distingish forward
and backward waves

s_ = Ssi

Spatial Light Modulator, intensity on a camera,
fiber-mode amplitudes, microwave Vector Network
Analyzer, loudspeaker/microphones arrays, high
frequency transducers...

Quasistatic

Typically, kL < 1
Propagation phase across the system is

negligible = no motivation to distingish
forward and backward waves

1= Yu

Electrode voltage and current, capacitive

touchscreen, electrical impedance tomography,...

Tristan Nerson



=PrL

LW%@)@

B Les Gustins

Particle manipulation in lossy systems:

the low frequency electromagnetic case

2-| 5-1
[ Particle @
-
FDEP — —
|

|5
Electrodes

Zavatski, Nerson, Fleury and Martin. arXiv preprint arXiv:2605.31151 (2026)

Tristan Nerson



iwe., Equivalence principle
In electroquasistatic regime, the electric field is irrotational and satisfies:
V- [(o(r) 4+ jwe(r))Ve(r)] =0, E(r) = —=Vo(r)
=V Jion
Low frequency lossy problem: (wavelength of approx. 60m, for objects that are few microns)

Y=G  wer) <o), V- (or)Vo(r) =0

o\r
Auxiliary lossless problem. Imagine a system with: aﬁ — ()’ gﬁ (I‘) — (—)
w

V- (jwet (r)Vef(r)) =0 = V- (o(r)Ve¢i(r)) =0

With the same electrode voltages, the auxiliary problem is the same BVP as the original one.

=0, E=E

B Les Gustins
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Ccpe | | ]
t&%@ Equivalence principle
Ohm’s law (free current density): J = oK
Displacement current density: ,]ﬁ = ngﬁ]i}11 = 7J
After integration on the electrodes: ij:1 =9i=7Gu = Yﬁu

We obtain: Y = 1G = jBtt

1
hen: F*.6r = —— (6r- V5.BH),
Then T r 4w<r Vs )

How does this relate to the usual force?

-~
™y

Tristan Nerson

EliqW

€li E1i
We can show* that: F = %Fﬂ = Ftt — |F - 0r = — - (51‘ . Vér
€liq Olig 4015

*Full derivation with the Minkowksi stress tensor: Zavatski, Nerson, Fleury and Martin. arXiv preprint arXiv:2605.31151 (2026)
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twts,, Equivalence principle

B-matrix

%1078 MW freq.

G-matrix

|
|
|

4+

B Les Gustins
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the low frequency electromagnetic case

PDMS Re[Y] = Re[iu'] = G

Particle ,b\{d}/ G11 G12 G13 G14
. -

G23 | G

B Les Gustins

Zavatski, Nerson, Fleury and Martin. arXiv preprint arXiv:2605.31151 (2026)

Particle manipulation In lossy systems:

-~
[
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s, Experimental results

Lined

Mag = 2.00 K XEHT = 5.00 kV System Vacuum = 8.22e-004 Pa | Probe= 8 pA
WD = 40mm Beam Current= 50.0 yA VP Target= 30 Pa Spot Size = 250

B Les Gustins

Nicola Angeli/MUSE, Human Hair 2000X, Wikimedia Commons, CC BY-SA 3.0
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fwe., Experimental results

1D motion

O Particle




fwe., Experimental results

2D motion




s, Experimental results

Disordered background

).'U.C- IO
AR

Daba T
D - C




Conclusion
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E&%@ Conclusion

The physics constructs the operator; linear algebra selects the wavefront.

= Single objective: max x' Ax = Amax (A)

xTx=1

= Several objectives: weighted sums of Hermitian operators generate
Pareto-optimal wavefronts; additional constraints generally produce
nonconvex QCQPs

= The same principles survive when scattering amplitudes are replaced by
voltages and currents. In some regimes, this conversion is very useful!

B Les Gustins
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