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Ultracold atom and Fermi gas

Boltzmann gas
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What can actually be measured?
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Tim de Jongh,et al. Quantum gas microscopy of fermions in the continuum. Phys. Rev. Lett.,
134:183403, May 2025.
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How can we capture the complexity of the microscopic
model in order to reduce it to its principal degrees of
freedom?
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Landau Fermi Liquid Theory (FLT)



Landau’s FLT :

Developed in the 60's for the 3He , latter used to describe electrons in metal and
other fermionic systems

ST. VINCENT @ This theory lies onto the concept of quasiparticles : effective
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More precisely, the system is viewed as an effective dilute gas of quasiparticles
excitations — From a strong correlated gas to a dilute gas with few body interactions
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Landau’s FLT :

The main idea is that a quasiparticle gas is very similar to an ideal particle gas,
provided that the interactions within it are "switched on" adiabatically

Dy

Adiabatic switch on
of interactions

pm —

T.<T K Tr

Dy

Fermi Sea of an ideal gas Quasiparticles living near the Fermi surface

The system is thus described by a semiclassical distribution of quasiparticles

ne(p,r,t) = ng(p) + 6no(p)
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Landau’s FLT : The toolbox

A semi-classical action on the quasiparticle density fluctuations

E[5n0] = Eo + Zepo' 5na(p) I == 2L3 Z faa PP ,) 57’1,0(1))57’1,0 ( )

po p,p’ 0,0’
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Landau’s FLT : The toolbox

A semi-classical action on the quasiparticle density fluctuations

E[5na] = EO ‘|‘ Z ep0' 5”0(13) + 2L3 Z fO'O' p7 57?,0- (p)5n0 ( )

po p,p’,o0,0’
Dispersion relation : Interaction functions :
Pr
— K= (p — pr) Angular dependence only —we can do a
L Legendre projection
S\l;?szlr[:]a*rtlcles effective foor (0) — Fy Landau coefficients
Static parameters:
m* F? —1 p%‘ s
— =141 Compressibility: X = = -(1+ Fy)
m 3 TR




Landau’s FLT : Why is it not enough ?

e The FLT doesn't include complete collision amplitude which are
necessary for studying the non-equilibrium dynamics and relaxation of
quasiparticles
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Quasiparticle lifetime : a four momenta collision Fermi-Dirac Distribution
amplitude appear — depends on at least two angles
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Landau’s FLT : Why is it not enough ?

e The FLT doesn’t include complete collision amplitude which are
necessary for studying the non-equilibrium dynamics and relaxation of
quasiparticles

27
Fp =75 (MA@, Pa2lPs, ) Y(P + Py — Py — Pa) (ep + €p, — €p, — €p,)
P2P3Py
X Meq(P2) (1 — Neq(P3) (1 — neq(P4))) rea(p) = 1
«a\P) = 1 elee—m/T
Quasiparticle lifetime : a four momenta collision Fermi-Dirac Distribution
amplitude appear

e The theory cannot describe what happens at the normal-to-superfluid
transition : no prediction of the critical temperature, absence of the
pairing amplitudes



Quasiparticles as dressed particles:

Quasiparticle
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Particle dressed by the interactions with
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Quasiparticles as dressed particles:

.....

Particle dressed by the interactions with . Og ’ Pair of

“ high-energy " particles : 8 » 8 : particle-hole
| S excitations
o -

Quasiparticle

A _ S‘" —g = I 1 2 a
L pt = €°apre ” = apt + Z Cv (P, P2; P3; Py) GL2¢apsiap4T E Mt
P2P3Py
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Quasiparticles as dressed particles:

.....

Particle dressed by the interactions with . Og ’ Pair of

“ high-energy " particles : 8 » 8 : particle-hole
| S excitations
o -

Quasiparticle

o 48y -8 _ 4 4l ap. 4
L Aot e hpre™ =adpr+ D Cv(P, P2, Ps,Pa) &), Gp, dp,t + -
P2P3P4
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Quasiparticles as dressed particles:

Particle dressed by the interactions with o O Pair of
“high-energy " particles ) o particle-hole
Q O . excitations

-----

Quasiparticle

U V) S R 4l ap 6
L Ypt :‘\e_ ,&pTe = Apt + Z CV (pa P2, P3; p4) a’;r)2,La’P3¢a’P4T +

P2P3P4
A K ]. A A A A
H=Eo+) 6o Sfipe+ 575 D, Asar(P1,PalP3, Pa) S, 070,0)8 (3,0 Apy0r)
po P1P2P/3P4
0,0

Effective Hamiltonian linearized about the Fermi sea
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When can we talk about transport in a Fermi gas?

In order to derive a transport equation
and break the BBGKY hierarchy, one
needs a clear time scale separation

l

Molecular chaos hypothesis

l

We can apply standard quantum kinetic
theory and derive a Boltzmann equation
for the distribution 1, (p)

No kinetic equation T

Particle trans,

> 1/kFa 0
12
e



A transport equation for the quasiparticles :

_ - ONeq P - 1
Zat’no-(p) - pm:lna(p) e a—t'q pm:l (Uext + ﬁ Z foor (p7 p,)nd’ (p,)
p/

|

il5(p)
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. - ONeq P - 1
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Ballistic motion

|
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A transport equation for the quasiparticles :

. - ONeq P - 1
10ty (P) - pm:lna (P) e 8eq pm:l Uext + ﬁ Z foor (p) p,)nd’ (p,)
p/

Ballistic motion External and mean-field forces

il5(p)
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A transport equation for the

quasiparticles :

pP-q

. ane :
Zat'n'a(p) T na(p) £y 5.0 " 1 Ue

Oe m*

1
xt + 73 > foor (P, P )10 (P')
pl

Ballistic motion External

!

Wo = Vrq
Typical excitation frequency

and mean-field forces

il5(p)
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A transport equation for the quasiparticles :

, - ONeq P - 1 ,
0o (P) = 23, (0) [+ [0 Bd  Uns + 53 foor (0, 0)100 (0') || i (P)
p/

External and mean-field forces l

l 1/7 o< T2A?

Wo = VUrq Typical collision time
Typical excitation frequency
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A transport equation for the quasiparticles :

, - ONeq P - 1 ,
0o (P) = 23, (0) [+ [0 Bd  Uns + 53 foor (0, 0)100 (0') || i (P)
p/

External and mean-field forces l

l 1/7 o< T2A?

Wo = VUrq Typical collision time
Typical excitation frequency

The transport behavior is given by the dimensionless parameter wWgT
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A transport equation for the quasiparticles :

. : ONeq P - 1
i0iny(P) — pm*qna(p) + aeq pmf (Uext + 73 > foor (P, P )10 (p’))
p/

Dominates when wpm > 1 : Collisionless regime

il;(p)
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A transport equation for the quasiparticles :

, . ONeq P - 1 ,
Zatna (p) o I,)rn*qnd (p) £y 8—eq I,)rn*q (Uext + ﬁ Z faa’ (p7 pl)na’ (p,)> - ZIO' (p)
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Negligeable when wp7 < 1: Hydrodynamics regime
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A transport equation for the quasiparticles :

. pP-q Onegp-a [, __Loa=z="",""
0o (P) — Wna(p) + —6—;" n’[*"( 73 Zfo—a/ (P, P )ne (P')

——
-
—
-
— -

Negligeable when wp7 < 1: Hydrodynamics regime

= il,(p)
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From the collisionless to the hydrodynamics regime :

10

— wor = 0.01
— 10
— 10.0
81 — 4500
6_
—=
1=
g
—
4_
2_
e 0.7 0.8 0.9 1.0 1.1

w/wy




From the collisionless to the hydrodynamics regime :
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From the collisionless to the hydrodynamics regime :

Hydrodynamics sound

Translation of the
Fermi surface

10

wor = 0.01

— 1.0
— 10.0

450.0

Zero sound

Deformation of the
Fermi surface

0.7
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w/wy

0.9

1.0

1.1
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From the collisionless to the hydrodynamics regime :
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How to derive Navier-Stokes equations ?

We know that the hydrodynamics regime is fully characterized by the collision
integral : let's take a look at its conservation law
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How to derive Navier-Stokes equations ?

We know that the hydrodynamics regime is fully characterized by the collision
integral : let's take a look at its conservation law

1 . .
_— p= 5 Z Npo Density conservation
Z Ia(p) =0 \ . P
p P = 73 (n4(p) —n (p)) Polarization conservation

1 p : :
> pL(p)=0 =——— pv= s > . Ma(P)  Velocity conservation

p po
5 1 P’ .
Zp I;(P) =0 e € = 73 5+ M) 7o Energy conservation
P L
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How to derive Navier-Stokes equations ?

Let us start with the continuity equation :

. : ONeq P - 1
0o (P) — pm*qna(p) — a:q pm:l Uexts + 75 >~ foor (P, P')nor (P')
p/
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How to derive Navier-Stokes equations ?

Let us start with the continuity equation :

Zatna (p)

zL

Oe

ONeq P - 1
) : pm:l (Uext + ﬁ Z faa’ (p’ p,)na’ (p,))
p/

6t Z na(
po

+Zq Z_na




How to derive Navier-Stokes equations ?

Let us start with the continuity equation :

8ne P-q ! ,
A (Uext+ IF’E:fUU’(p’pI)nG’(Pl)) = i, (p)
p/

Z L 6t2n0.( +1iq - Z—na

We recognize the total density and the divergence of the total velocity :

zatna (p)

8,0 3’U|| L i
— ()| Continuity equation
ot " Moz
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How to derive Navier-Stokes equations ?

Now we look at the equation for the total velocity :

) . ONeq P - 1 .
i0no(p) — pm*q no(p) + 5~ pm*q (Uext + 75 > foo (0P ) (p’)) =il,(p)
p/
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How to derive Navier-Stokes equations ?

Now we look at the equation for the total velocity :

) . ONeq P - 1
’&at'nza(p) - pm:lna (P) g 8€q pm:l (Uext + ﬁ Z fGU' (p’ p,)nd’ (p,))
p/

> p-q L
po
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How to derive Navier-Stokes equations ?

Now we look at the equation for the total velocity :

, . ONeq P - 1 .
i0imo (P) — pm*qna(p) + 8eq Pm:l Uext + I3 Z foor (PP )0 (P') | = ils(P)
p/

> p-g L The total velocity is coupled to :
po

1
e thetotal density p = 73 ano' =2 Legendre
po

/ Polynomial

e Subdominant dissipative term )P (p- ) no(p)
po
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How to derive Navier-Stokes equations ?

Now we look at the equation for the total velocity :

, . ONeq P - 1 .
i0imo (P) — pm*qna(p) + 8eq Pm:l Uext + I3 Z foor (PP )0 (P') | = ils(P)
p/

> p-g L The total velocity is coupled to :
jo lep

1
e thetotal density p = 73 ano' =2 Legendre
po

/ Polynomial

e Subdominant dissipative term )P (p- ) no(p)
po

1 0
I:> mpo Oyv)| + — PoFext 0
pox 0z

Stress tensor 18




Hydrodynamics equation for a Fermi Liquid

Using the same method for the other conserved quantities, we finally obtain the
following set of hydrodynamic equations :

e Continuity equation : 8/0 + o 8U|I —0

ot 0z
e Heat equation: . Oe _K8_2e

Vot 022
e Spin diffusion equation: &P  _0*P OF

o =~ Doz TP =5,

2
e Navier-Stokes equation : mpg 8?}” + 1 ap—PoFext 4 0 l
ot  pox 0z 37522 19



Hydrodynamics equation for a Fermi Liquid

Using the same method for the other conserved quantities, we finally obtain the
following set of hydrodynamic equations :

Continuity equation : 8/0 + o 8'U|| —0
ot 0z
Heat equation : Oe 02%e
CVE C@zQ
=
Spin diffusion equation: 0P ,~0*P O Floxt I'=2(¢)
ot o2 +xsD 0z
8’U|| 1 Op 32’0”
Navier-Stokes equation: ¢, N — onFlvi =
PO~ 5¢ poX 0z Pl 022

19




Transport coefficients of a low-temperature Fermi gas

Comparison with experiments

T T T T |
Shear viscosity (®) - ]— 1/(37) -
05104 — —  0.086 7 ¢—
Extrapolation to T' = 0 value : T — (472 g
7P (kpa = —0.67) = 0.070 E, 0.06 ' /¢
No 0 —1
7 (kpa = —0.67) = 0.086 %0.25 : (””gf;ll) :
0.9
7 (kpa = —0.67) = 0.071 S L3
®-| 21
-0 3.1
. 0 1 L 1 1
Error bars due to the temperature extrapolation 0 0.05 0.1 015
(T/Tr)?
S. Huang,et al , Emergence of Sound in a Tunable Fermi
Fluid, Phys. Rev. X 15, 011074 (2025). 20



Conclusion
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And now ?

e Two fluids hydrodynamics in the Superfluid phase
P = Pn T Ps J = pnVn + psVs
Arich physics of transport in the Superfluid
e Phase transition : We have already shown that the

well-known GMB correction at the critical temperature is
naturally present in our formalism
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Conclusion

Appendix
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Quasi degenerate perturbation theory:

Consider a 3D gas of particles described by the following Hamiltonian : H=Hy+V

2
. o . P’ .+ .
where the kinetic energy is written as ~ Ho = ) :_zma'.ll.)aa’pa = {Ey, |n)}
po
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We see the quasiparticles as perturbed particle states — Perturbation theory
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Unitary transformation
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Quasi degenerate perturbation theory :

Consider a 3D gas of particles described by the following Hamiltonian : H=Hy+V

2
. . . . - p A A
where the kinetic energy is written as ~ Ho = ) —2ma’I)aa’pa = {Ey, |n)}

po

We see the quasiparticles as perturbed particle states — Perturbation theory

{npo}) = Hnpo o + [{npeth + l{npa)z + ... =——=> ||n) = e%|n)o

Unitary transformation

But since the spectrum is a continuum, we cannot apply the standard perturbation method

C. Cohen-Tannoudji, . Dupont-Roc, and G. Grynberg, Processus d'interaction entre photons et atomes

J. H. Van Vleck, On a-Type Doubling and Electron Spin in the Spectra of Diatomic Molecules, Phys. Rev. 33, 467 (1929)
J. R. Schrieffer and P. A. Wolff, Relation between the Anderson and Kondo Hamiltonians, Phys. Rev. 149, 491 (1966) 1 2



Quasi degenerate perturbation theory:

The concept of non-crossing is the
equivalent of adiabadicity:

|E; — E}| < A& |E; — Ef| < A

The energy structures of the perturbed
and unperturbed systems are similar

o<§|$|f>>o # 0

GH|f) #0

Energy cutoff
Ftyp; Wext <K A K €EF

Non-crossing criterion 13
S




Quasi degenerate perturbation theory:

Using this method, we obtain the effective Hamiltonian in two steps :
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Using this method, we obtain the effective Hamiltonian in two steps :

1. We derive § using the standard perturbation theory between the different energy
shell
2. We diagonalize the Hamiltonian within the energy shell

We can also directly transform the operators, especially we can define
quasiparticles creation/annihilation operators:

% S A _g " ® 5% =
Ypt = e CLpTe = Qpt + Z CV (p7 P2, P3, p4) a’I)2¢a’P3~La’P4T p albe
P2P3P4
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Quasi degenerate perturbation theory:

Using this method, we obtain the effective Hamiltonian in two steps :

1. We derive § using the standard perturbation theory between the different energy
shell
2.  We diagonalize the Hamiltonian within the energy shell

We can also directly transform the operators, especially we can define
quasiparticles creation/annihilation operators :

. & _& . T B oz
Ypt = €°apre ~ = Gpt + Z Cv(P; P2, P3, Py) aL2¢ap3¢ap4T e
P2P3P4
s O
T O T " Pair of particle-hole excitations

Quasiparticle el .




How to derive Navier-Stokes equations ?

We close the equation by writing and inverting the equation for the dissipative term

4 8’U||

M= —op—U
3 0z

1
Inverting the collision integral naturally leads to viscosity |n « <Il_—2()>
=<(€
€

This method is exact, we do not use uncontrolled approximations such as
relaxation-time approximations or variational methods

Finally we derive the linearized Navier-Stokes equation for the longitudinal velocity :

8’U|| 1 Op 4 82?)”

= Pl = —
mpo g+ g, ~ PoFen = 30753 y




Transport coefficients of a low-temperature Fermi gas

Transport coefficient | Perturbative value (@ = kra, 7, = 1/8ma*T?)
n = L F3 por, 0.5133 [1+0.2633 a + O(a?)] Z%p,
k=T, 0.0831 [1 — 0.0875 @ + O(a?)] &=T
D = ;B FeFoTy 0.268 [1 — 0.7848 @ + O(a?)] &

Perturbative expression of the transport coefficient
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